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Abstract

We present an optimisation framework for photo-acoustic tomography of the
brain based on a system of coupled equations that describe the propagation
of sound waves in linear isotropic inhomogeneous and lossy elastic media
with absorption and physical dispersion following a frequency power law
using fractional Laplacian operators. The adjoint of the associated continuous
forward operator is derived, and a numerical framework for computing
this adjoint based on a k-space pseudo-spectral method is presented. We
analytically show that the derived continuous adjoint matches the adjoint of
an associated discretised forward operator. We include this adjoint in a first-
order positivity constrained optimisation algorithm that is regularised by total
variation minimisation, and show that the iterates monotonically converge to
a minimiser of an objective function, even in the presence of some error in
estimating the physical parameters of the medium.

Keywords: photo-acoustic tomography, brain, continuous adjoint, absorption
and dispersion, frequency power law, fractional Laplacian
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1. Introduction

Quantitative photo-acoustic tomography (QPAT) is a hybrid imaging modality which simul-
taneously takes advantage of the rich contrast attributed to optical imaging and the high spa-
tial resolution brought up by ultrasound. In this technique, short pulses of near-infrared light
are used to irradiate tissue. The energy from these pulses is absorbed as a function of the
optical absorption map of the tissue. This generates local increases in pressure which prop-
agate outwards as photo-acoustic (PA) waves, and are then measured by broadband detectors
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placed at the surface. The inverse problem of QPAT is to reconstruct the spatially varying
optical absorption coefficient from the recorded PA signals. This involves two inverse prob-
lems, namely acoustic and optical [29]. The acoustic inverse problem is to reconstruct the
initial pressure distribution from the recorded PA signals, and the optical inverse problem is
to recover optical coefficients from the computed initial pressure map [29]. These two inverse
problems can be solved distinctly [2, 16, 17], or alternatively as a direct hybrid problem [9]. In
this work we consider only the acoustic portion of the inverse problem which we simply call
photo-acoustic tomography (PAT).

Considering the acoustic inverse problem, time reversal (TR) is a comprehensive inver-
sion approach for PAT since it can be used for media with heterogeneous acoustic properties
and arbitrary detection geometries [13, 14, 39]. However, this method is based on a continu-
ous domain with idealised conditions such as a closed detection surface or exactly known
medium’s properties [14], which do not hold in real cases. Problems such as finite sampling, a
limited accessible angle for detection surface, errors in estimation of medium’s properties, or
errors in data measurement make the acoustic inverse problem ill-posed [16]. In these cases,
model-based iterative methods are often used, e.g. TR-based iterative techniques [28], or
optimisation algorithms [2, 16, 17]. The optimisation approaches are often based on computa-
tion of the gradient of an objective function in terms of a forward model and a corresponding
adjoint model. Using an explicit formulation of the adjoint operator, the convergence of an
arising iterative algorithm was established in Hilbert spaces using a Landweber algorithm for
media with inhomogeneous sound speed [4, 32], and was later improved using Nesterov’s fast
gradient and the CG methods [10].

Because of the dependance of shape, spectrum and amplitude of PA signals on physical prop-
erties of tissue media, it will be advantageous if the image reconstruction in PAT is enriched by
tissue-realistic models that account for the absorption behaviours evident in tissues [8, 30, 36].
Among model-based iterative approaches for absorbing media, the adjoint was computed by a
discretise-then-adjoint method in [16], or by an adjoint-then-discretise method in [17].

It is well-known that modelling the propagation of sound waves can be considerably expe-
dited compared to finite difference time-domain (FDTD) methods by using Pseudo-spectral
time-domain (PSTD) methods. Applying these techniques, the spatial gradients are computed
in frequency domain, while the temporal gradients are computed using finite difference meth-
ods, similar to FDTD techniques. The efficiency of PSTD methods is because of a fast com-
putation of the spatial gradients using fast Fourier transforms (FFTs), as well as a dramatic
relaxation in the mesh requirement and time step [5, 6].

PAT has shown its potential for characterization of the vasculature in small animals or
within a few mm of the skin’s surface in humans [43]. Furthermore, PAT has been utilised
successfully for transcranial brain imaging in small animals [23, 42]. In these cases, the effect
of the skull on the propagation of PA waves is neglected because of the low thickness of the
skull (=1 mm), and thus the image reconstruction is done based on scalar acoustic wave equa-
tions [23, 42].

To account for aberration of PA signals because of the heterogeneous properties of the
skull, a subject-specific imaging model was proposed, where the inhomogeneity of the skull is
taken into account using adjunct information about the skull anatomy and composition [15].
This information must be obtained from x-ray computed tomography image data, or some
other imaging modalities.

The application of PAT in transcranial brain imaging of humans is very limited since PA
signals are aberrated to a high degree by absorption, scattering and compressional-to-shear
mode conversion effects due to the high thickness of the skull (4 mm—7mm). Similar to the
scalar acoustic problem, the iterative methods for transcranial brain imaging can be categorised
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into time-reversal (convergent Neumann-series) [20, 31], or optimisation algorithms. Recently,
an optimisation framework for transcranial PAT was proposed, where the forward problem
describes the wave propagation in a linear isotropic, heterogeneous and lossy elastic medium,
and a corresponding adjoint model is algebraically derived from the discretised forward opera-
tor, i.e. discretise-then-adjoint method [25]. This forward and adjoint pair was approximated by
a finite-difference time domain (FDTD) method using a fourth-order FD method for computing
the spatial gradient of fields. In addition, attenuation was described by a diffusive model [27],
which does not account for the dependency of the wavefield attenuation on frequency, and
assumes that the shear-to-compressional wave absorption ratio is proportional to the compres-
sional-to-shear velocity ratio. The authors mentioned that this absorption model is accurate on
the condition that the induced PA waves are sufficiently band-limited (see [25], section 2.1).

In PAT, the compartmentalised distribution of light absorbing molecules composing tissues
induces step-like discontinuities in the generated pressure field. As a result, the generated
PA waves are considerably more broadband than ultrasonic waves [17, 39]. Furthermore, the
absorption of sound waves in many media such as tissues has been experimentally shown
to follow a frequency power law with a non-integer power, which can be described by frac-
tional derivatives [36, 37]. Classical attenuation models used the fractional time derivatives,
which are non-local in time, and thus require storing the time history of field variables [24].
It has been established that the fractional time derivatives can be replaced by fractional space
derivatives, which are nonlocal in space rather than time, and are thus more memory efficient
[36, 37]. This is done using the dispersion relation for lossless wave equation. The cost of this
method is that the spatially non-local operators violate causality [22].

In elastic solids, compressional and shear waves propagate at different speeds. As a result,
using the dispersion relation for describing fractional space derivatives requires splitting the
field variables into compressional and shear parts [37]. This is done using a dyadic wave num-
ber tensor in the frequency domain [6, 37]. Additionally, by splitting the fields, the numerical
dispersion errors accumulated by the time integrations can also be minimised via applying
the k-space correction to the spatial gradients, which allows larger time steps without loss of
stability or accuracy in heterogeneous media [6, 34].

1.1. Contribution

We consider a forward map in the PAT problem in which a system of coupled first-order
equations describes the propagation of PA waves in linear isotropic, heterogeneous and lossy
elastic media, where the absorption and physical dispersion follow a frequency-power law. We
derive the adjoint of the PAT forward map in this context. This adjoint, referred to here as the
analytic viscoelastic adjoint, is derived on a continuous domain, and is in the form of a system
of partial differential equations. We shall analytically show that a numerical computation of
the derived analytic viscoelastic adjoint using the k-space pseudo-spectral method matches
the algebraic adjoint of the associated forward model. By setting viscosity coefficients to zero
in our derived analytic (continuous) adjoint, the general form of the adjoint model for lossless
media is derived. This can be used as a basic model, when other existing attenuation models
are considered, e.g. [21, 22]. We emphasise that in the absence of attenuation the difference
between our adjoint model and that of [25] arises from the different methods of discretisation
of the spatial gradient. Our derived analytic adjoint including attenuation effects is numer-
ically validated using an adjoint test, and then the forward and adjoint pair is included in a
positivity constrained and total-variation regularised solver based on the iterative shrinkage
thresholding algorithm (ISTA) [3] for image reconstruction in 2D and 3D scenarios.
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2. Acoustic wave propagation for viscoelastic media

Here, we briefly review the model we use for the propagation of acoustic waves in viscoelastic
media. For further details, the reader is referred to [37]. To do this, we start with defining the
associated fields, which are the particle displacement vector u;(x,t), particle velocity vector
vi(x, 1) = du;(x,1)/dt, scalar pressure p(x,?) and stress tensor o;;(x, ¢), where x and ¢ denote
the position and time, respectively. We also define the medium’s parameters, which are the
Lamé elastic parameters p(x) and A(x), and are related to the shear and compressional wave
speeds, ¢4(x) and c,(x) respectively, by the equations

p=pci, A= pe; —2p, (1)

where p(x) denotes the medium’s mass density (see [6]). In this section, for brevity the
dependence on x and ¢ is neglected, and following [6] and [37], we use the Einstein summa-
tion notation. We also define the strain tensor field as [6]

1 8”,' + 8uj ’
€j = = .
Y 2 ax]' ax,- ( )
Using these, the deformation in an isotropic lossless elastic medium is described by the rela-
tion between o and € in the form

ojj = ASjjen + 2ue;. 3)
One method of incorporating attenuation is to modify the stress—strain relation (3) as
0 0
o = )\55]61[ + Zlu,qj + X(sijaql + 27756,], 4)

where x and 7 denote the compressional and shear viscosity coefficients. The equation (4) is
called Kelvin—Voigt model. Plugging (2) into (4) gives [37]

aaij*)\&@+ %+% + v 0% + 0vi + 0% 5
o~ e TP\ oy Tan ) TX%axa T \axar Tamar ) ©

Let us define the temporal frequency by w. For low-frequency ranges, the Kelvin—Voigt model
describes an acoustic absorption proportional to w? and a constant sound speed (no disper-
sion), whereas for high frequency ranges, both the absorption and dispersion vary proportional
tow'/? [37].

As discussed in section 1, experimental studies have shown that attenuation in many mat-
erials of interests, including tissue media such as bone, is proportional to w” with y a non-
integer between 0 and 2 [33]. Because of the broadband nature of PA signals, as well as the
high level of the attenuation in the skull, this behaviour cannot be neglected. To account for
the non-integer power law dependence, the integer temporal derivatives in equations (4) and
(5) can be replaced by fractional time derivatives [12]. For an isotropic medium, this gives the
fractional Kelvin—Voigt model in the form [37]

! !
o = /\5,'1‘611 + 2H€ij + X‘Sijwell + 2T7W€ij’ (6)

where

2pc? 2pc13,

P X = P —ag, — 2, 7
cos (my/2) A0 X cos (my/2) Aop = ™

’[’,:
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with ag s and ay ), respectively the attenuation coefficients pertaining to shear and compres-
sional waves in Np(rad s=!)=> m~![37].

The temporal fractional derivatives in equation (6) are non-local in time, and thus their
numerical computation requires the storage of the time history of fields, which is very com-
putationally expensive. To overcome this problem, the dispersion formula for lossless media,
i.e. the relation between w and spatial frequency & (w = ck) with ¢ the sound speed, is used to
replace the fractional time derivatives by fractional space derivatives, which are non-local in
space, rather than time [37]. Using this method, the fractional time derivative is written as two
fractional Laplacian operators [36, 37].

This method provides a significant computational memory benefit, since at each time step
the wavefield at all spatial positions is readily accessible. The system of viscoelastic wave
equations enriched by fractional Laplacian operators can be used to describe absorption and
physical dispersion behaviours over a wide range of frequencies and absorption values [37].
However, in elastic media since the compressional and shear waves travel at different speeds,
separate dispersion relations must be considered for the compressional and shear parts of the
wavefield. This requires that the particle velocity field is split into the compressional and shear
components [37]. Throughout this work, superscripts p and s denote the compressional and
shear parts of the fields, respectively. v/ and v? are calculated in the form

v =" (v) = F ki (v} }
i = ) = P (6~ k()

where F represents the Fourier transform operator, and lAc,fcj is the unit dyadic wavenumber
1/2

®)

tensor with k; = k; /k the normalised wavenumber in direction i and k = (Zl klz) the mag-
nitude of wavenumber. By splitting the particle velocity vector, the stress tensor is updated
distinctly for compressional and shear parts in the form

80’-’<”S 6 6 6 8 8)171
y DS P pss . D,s P.s
or A (511 8x1vl > +u <8xjv’ + *mivj ) +Xx 6”78)@ 1"
0 O ps, 005,
5§ .S N .S 9
0 ((%Cj aﬂ‘*lvi + ox; atyflvj ' ©)

Now, the fractional temporal derivatives in (9) can be replaced by fractional Laplacian opera-
tors with different sound speed for the compressional and shear waves. To make this replace-
ment, we introduce the operator

2\y/2
L, =c. -V (10)
Using this notation and the comments above, we will be using the following definition

throughout the rest of this work including in (9) [37]

8};;1 p y—1,p 19
B WS y— S y*Z, .P’S
o1 = sin(my/2)L; v, cos(my/2)L o o (11)

We will make this replacement in our forward model. The continuous forward model for
the wave propagation is completed with the conservation of momentum

6v,~ 1 0 S
o (12)
p.s
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Note that in the second term of (11), following [37] dv/"* /Ot has been replaced by the split
terms of (12). This is done to avoid having to compute time differences in the discretised
model (see [37], section III).

Equations (9) and (12), together give a system of coupled partial differential equa-
tions which describe the propagation of acoustic waves in linear isotropic, heterogeneous and
lossy elastic media with an attenuation following the frequency power law.

3. Continuous forward and adjoint operators

Let Q C R be a d-dimensional open, bounded set containing the initial pressure. For describ-
ing the measurement done by detectors, we define the operator G, which maps the compres-
sional part of the stress tensor field to the pressure field in the form

Gol(x,t) = fééijag(x, t) = p(x,1). (13)

We also introduce the measurement operator M : £2(R?) — RM™ which maps the pressure
field p to the measurements detected at each of N; instants in time and N; detectors. Each
detector has a limited access to the pressure field, i.e. it measures the pressure field over a
small, finite volume of space, and the measurement takes a finite time 7. In the next definition
we give the forward map for our inverse problem.

Definition 1. We define the PAT forward operator using the viscoelastic model in the form
A CR(Q) — RN

14
Alpol(x.1) = MG (x.1) 4

where 0" and v; satisfy (9) and (12) with initial conditions
of(x,0) = —dypo(x), 0y(x,0) =0, v,(x,0)=0. (15)

The inverse problem is to reconstruct an approximation of pg given A[ po). The forward operator
A is well-defined under fairly basic conditions such as ¢, > 0,¢,>0,p >0,y € (0,2) \ {1},
ags > 0, agp > 0, and all of the fields ¢, ¢, p, oy, and oy, infinitely differentiable (it is
likely that weaker hypotheses such as ¢; > 0, or some of the fields non-smooth can be used as
well). Intuitively the forward map is well-defined as it models a physical process, and for more
detail on this modelling we refer to [37]. Mathematically the given model for the forward map
can be proven to be well-defined by considering the system of equations formed by (9) and
(12) as a linear evolution equation for v, o, and ¢* in the form

v v
0
— 0-17 — A UI’
ot s .

for a linear operator A initially defined on C5° (R") functions. Considering A as an unbounded
linear operator on the appropriate £> space with domain that depends on y, we can apply the
Hille—Phillips theorem [11] to show that A generates a quasi-contractive semi-group, which
is what describes the evolution of the fields v, o?, and o°. The main step in the application of
this theorem is to prove that for v > O sufficiently large

v—A
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maps from the domain of A onto the £ space. It is in this step that the requirements on the
positivity of the parameters arise, as certain bilinear forms must be shown to be coercive.
Finally, the measurement operator M must be chosen to be an appropriate linear functional
on £2(), although this may also be relaxed to allow sampling individual point values if py is
assumed to be smooth.

In the next lemma, we will calculate the adjoint of A with respect to the £2 inner product,
ie.

A RNN s £2(Q). (16)
For this, we need the adjoint of LC R i.e.
L = (-v)q,, (17)

which is formal adjoint since —VZ%is self-adjoint. We assume that y is constant over the entire
medium in the same way as [37]. We also need the time reversal operator R defined by

Rlpl(x.t) = p(x, T —1).

Lemma 1. The adjoint map A* can be calculated from A*[P)(x,1) = p§(r), where
ps = =005 (x,T), and o " and V"’ satisfy the coupled equations

oy =S| (O 256

(13)
1o} 1o}
) 1)* 7 ps* s ps*
+sm(7Ty/2) Cp.s (axi (X >+28J( ij )>‘|
K * 1 2) % 0 5% 7] R
vl =i - ;COS(W)’/Z)LE,{V ™ <0x, (X i ) + 2879 (7705 ))
dol* 1 [ ovP* ovr” N
i o - i J * *p 19)
ai 2<axj+ax,- + (RGM'P) (
805].* 1 [fov* OV *
= — L4
ot 2 ax]' Ox;
with initial conditions
gi’s*(x, 0) = O, V;-.< (X, O) = 0 (20)

Remark 1. Solutions for the set of equations (18) and (19) can be shown to exist by a simi-
lar strategy as for the equations describing the evolution of the forward fields.

Proof. We will show that when ¢** and v; satisfy equations (9), (12) and (15), and also o7 o
and v; satisfy (18)—(20), then the forward map A and adjoint A* must satisfy

(A[pol. P)rrw = <I70aA*[P]>L2(Rd) 2N
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for any po € C5°(§2) and P € R¥M. Because it will make calculations easier, we first deal
with the adjoint fields in a time reversed order (i.e. we make the change of variable t — T — 1)
and with v} replaced by —v} so that the initial conditions (20) are actually final conditions
o5 (x,T) = 0 and v} (x,T) = 0. Accordingly, we have the following relation between v; and
the adjoint field v}

v, — ov?¥
V¥ ! =0. 22
//Rd ( —I-zat)dxdt 0 (22)

Plugging (12) into the first integrand in the above equation gives

— i
//Rdz o, —V erv,a dx dr = 0. (23)

Integrating-by-parts, and using that 0’ * — 0 at infinity, we end up with

Love T\ v o
//RdZ u2< +8x,>+pv’at =0. (24)

In the above equation, we also used the symmetry of the stress tensor 05 Y= ﬂ ¥, Now we

apply the same procedure to the stress tensor. Using the final conditions 05 (x, T) = 0 yields

e
]’7* +o paa
” ot

drdi = /]R po 7l (6,0) dx = —{ po, A*[P]) z2ay (25)

and

309*
U s* Y =0. 26
[ |5 G wao @

Now, plugging (9) into the first integrands in the left-hand sides of (25) and (26) and then add-
ing these two equations results in

ovP” s o’ 0 s s
/ /RJZ[(M” o *“( ox T o, )*X(‘s"fajafy—lvf)

8 8’31 s 8 ay:l s N S ps* *[E
(5 a0~ Vf’"*a*)qa;—lvf”")) ;o) g | e = o AP .
(27)

Taking integration-by-parts to the first term in the bracket in the above equation, together with
the fact that o;* is symmetric, gives

L] (o) vagglom) oot

78 ; ay;[ aa_e,s*
_'_287(7701”) P )vip’s—l—alf’s Y

dx dt = —(po, A*[P]) £ (gey.-
(28)

o1
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Now, adding equations (24) and (28) yields

T o = —
[ L5t =S [ (o) 255 ()
+ (88 (xof™) +26i (o f)) gyg?_ll}v{”

80” ovr  ov? | -
+Z |: (6)9 N 8;1 ) :| jo dvdr = <p0’A [P]>£2(]Rd)-
(29)

Now, plugging the fractional Laplacian operators defined in equation (11) into the second line
in equation (29), together with (8), yields

T A

/o /]Rd (ﬁav; _%; [88 (A 17”) +28i(u Upé*)
+<£c, (XU’[’”*) + 23?6; (7705’5*>> sin(my/2)L;, | I]q )Vi
+%; (aaxl( pS*> +26i(770 )) COS(Wy/Z)Lzﬁrziaiam

80“* 1 [(ov: Ov} s *[F
+Z[ -3 (axj i a;l” ;7 dxdr = —(po. A*[P]) 2oy (30)

In the above equation, we also used the linearity of operator ¢”* with respect to v;. By taking
integration-by-parts to the third line and using the symmetry of 05 " in the same way as the
first integrand in (23), we can see from (19) that if the integral in the first two lines of (30) is
equal to zero, then (21) holds and the proof is complete (recall again that relative to (18), we
have reversed the time, and changed v} to —v}). So we now focus on the first two lines of (30)
which we will denote Z. Considering that ¢g”* is self-adjoint yields

"k lpa -S| et ) + 25 ot )

- (y—1)x* 0 DS * 8p,s D.S* )
+sin(my/2)Le,, (8 (X oy ) + Zaxj (770,7 ))” v; dx dr.

satisfy (18) we can now see that in fact Z = 0, and so the proof is complete.

O

Setting x,n = 0 and ignoring the splitting operator results in the general form of the
adjoint for lossless media, which can be adapted to other attenuation models (see for
example [21, 22]).

€1y

Since v} and 0’”*
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4. Numerical computation

Having found an analytically exact method of computing the adjoint operator A* in the pre-
vious section, we now consider in more detail the discretisation and computation of the for-
ward operator A and adjoint operator A*. We denote the position of a given grid point in
Cartesian coordinates by x; where ¢ = ({1, ...,(y) € {1, .. N1} x ... x {1, ..., Ny} with
N = H;lzl N; the total number of grid points along d dimensions. The grid spacing along
the ith direction will be denoted by Ax;. Also let n denote the iteration corresponding to time
tn = nAtr withn € {—1,...,N, — 1}.

We discretise the spatial derivatives by a pseudo-spectral method. The k-space correction is
also applied to the spatial derivatives in order to minimise the numerical dispersion errors due to
the time integration. We approximate the fields on a uniform rectilinear grid staggered in space
and time. It turns out that these staggered configurations increase accuracy and stability for
approximation of odd-order spatial and temporal derivatives [6, 34]. Applying a k-space pseudo-
spectral method on a staggered grid, the spatial gradient in direction i will be in the form

L’g i} =F"! {iki sinc(C) kAr)2)et /2 p {-}} , (32)
X

1

where, as opposed to (8), F and F~! denote the discrete Fourier transform and its inverse.
Additionally, sinc(C}"kAr/2) is the k-space operator which enforces a k-space correction
to the gradient, where C}” is the reference sound speed associated with the compressional
and shear parts of the fields. The reader is referred to [6, 34] for further details on the k-space
pseudo-spectral method.

To simulate wave propagation in an infinite domain using a computational grid with lim-
ited size, it is necessary that the outward travelling waves that reach the edge of the domain
are absorbed by perfectly matched layers (PMLs) [6, 25]. Using PMLs, the general evolution

equation % = [(x,1) is transformed into the form [34]
R(x, t
0 g; ) 4 auR(x.1) = Bx.), (33)

where «, is the attenuation coefficient associated with the PML, which is tapered within the
PML thickness at each side of the grid (see [6], equation (42)). This yields

0 (e“'R(x,1))
ot

Using a staggered temporal grid, this is approximated as

=e™B(x,1). (34)

eo‘“(”A’)R(x(, t+ At) — e*'R(xc, 1)
At

= e (A2 B(xe 1 4 AL)2). (35)
This gives the update
R(xe,t + Ar) = e~ %A1/2 [e*”‘“A’/zR(xg,t) + AtB(xe, t + At/2)]. (36)

Using direction-dependent PMLs, the field variables are split into directions along the Cartesian
coordinates m € {1, ...,d} [6]. In the sequel, the directions associated with PMLs are written
to the left of the fields. We define the diagonal PML attenuation matrices A,, € RV*V by

A,y = diag(e mA1/2), (37)
Note that —,,a, depends on the grid point here.

10
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For the staggered temporal grid we consider also the time points ¢, /, = nAt 4 At/2. To
accommodate the staggered spatial grid we introduce the operators T; which shift the point x
by Ax;/2 in the ith coordinate, i.e. x; changes to x; + Ax;/2. We will also use the same nota-
tion for the corresponding operator acting on functions defined by

Tif (x) = f(Tix). (38)
The discretised particle velocity vector field is denoted by ,v(i.c.ry € RY X RY x RY x R}
and is approximated on a staggered spatial grid as

mV(i:¢n) & T; mvi (xC7 l‘,,) . (39

The p and s parts of the discretised stress tensor field are denoted by
mO Giocn) € Ré, x R x RY x RY x RY*+! and are approximated on a staggered grid as
mO 7 (xe, 1) if i=j

oP?s ~ Y
M= (if;¢n) T;T; mag’s (xc, t,) if i#].

(40)

Because of using a staggered grid, the unit dyadic tensor in (8) will be in the form [6]

(i(ii(j)staggered = (/Ei];j)nonstaggered X ng/‘, (41)
where
§ij = e tikiAx—kAx)/2 @)
is the shifting operator with i standing for the imaginary number [6].
We also define
Tie = Gy sin (my/2) 43)
Tioe = Gpii? cos (1y/2) (44)

with C,; € RY the discretised form of ¢, . Using a staggered grid, we define the medium’s
parameters as diagonal matrices of size N X N in the form

pi = diag (Tip)

A = diag ()\)

_ diag () it i=j
Hij = . . . .

diag (T;Tjp) if i #j.

X = diag (x) (45)
__ [diag(n) if i=j

Y \diag (TyTjn) if i#]j.

Tidis = diag (Ti7ais)

Tiabs = dlag (TiTabs)
where p, A, i1, X, and 1 on the right hand sides in (45) are the medium parameters evaluated
at the N grid points. In the formulas that follow for the discretised model, these matrices are
always understood to act on discretised fields in the index ( corresponding to the spatial grid.

We also introduce the N x N matrices discretising the relevant fractional Laplacian opera-
tors as

1
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Rm::FPl{H%iF{}}
?@s::F*I{H“QF{}}.

Finally, we define the following function which we will use to simplify some of the formulas

[+ =
huﬂ_{—lifi#j “7)

(46)

4.1. Forward model

In the sequel, the approximation of the system of viscoelastic wave equations defined by
equations (9), (12) and (15) based on the details given above will be outlined. It is worth
mentioning that a code is available in the open-source k-Wave toolbox for describing wave
propagation in heterogeneous lossy elastic media based on equations (5), (12) and (15) using
the k-space pseudo-spectral method [35, 38]. As discussed in section 2, the results of this code
give an attenuation that is not evident in tissue media [37]. Therefore, we modified the pre-
existing k-Wave toolbox code so that it includes two fractional Laplacian operators in order to
account for absorption and physical dispersion following the frequency power law. This code
is outlined as follows.

While in the continuous model we assume the initial pressure is instantaneous, in the dis-
cretised model we introduce the initial pressure at = 0 to the forward model as an additive
source split over the time interval ¢ € [ At/2,+At/2]. For this, p(t = 0) = 1 is approxi-
mated as P(n=[—1/2 +1/2]) = x,[0.5 0.5] (see [2], appendix B). Considering this,
together with (15) and dividing the source by PML directions, gives a source in the form

n=-1,0

48
otherwise, “48)

—SP,
mS(ij;Gn+1/2) = {0 Y

where Py denotes the discretised form of pg, and S is a symmetric smoothing operator that is
used for mitigating unexpected oscillations in propagation of the initial pressure Py (for fur-
ther details, the reader is referred to [2], appendix B).

Start at iterate n = —1 with initial conditions mogy"?c;m—l) =0 and V(i ne—3/2) = 0, and
terminate at iterate n = N, — 2.

1. Update the particle velocity field:

61) ps
mV(ignt) = Am [Am mV(i¢n—4) T Z O om)  (im:Gin)
DS Xm
d (49)

V@iGntd) = vao‘;c;w%)-

2. Split the particle velocity field into compressional and shear parts:

pS

V¢t = 0" V(icntl)- (50)

Here, Q7 denotes the discretised form of functions ¢”** defined in (8).
3. Update the stress tensor field:

12
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Bps
P> _ 1”
mO (gn1) = Am lAm mO (e T A { i mCnt §)

_ aps ps aps DS
+ Hij <5mjaxjh(,,,) (i:Gn+1) +Omi 5 8x*h(u) V(1<n+ )

o Ops :
+X5Uaj;% ( mdls Ydls (mClH- )y rrlz),:bs abs a’v(m(n+1/2))

0, - -
— 5 DS —D.S DS =D pss
+ 71ij0mj o) (Ti,dis Yais Viicint 1)y ~ Tiabs Yavs atv(i;(;n+1/2))
7

_ 8 .S — =PS vy 5
+ nijémfax—ph(u) (TJ Yais v (JC n+1) T.iﬁbs Vs 8’V{j:c:n+1/2)> H D
where

PS oPs
OV {itanar ) = ZAm s i e (52)
m=1
4. Add source:

p P
mU(ij'('n+1) <~ ma(ij'(‘n+]) + At mS (ij;¢n4-1/2)

(53)
(lJCn+1) Z’”U(UCHI)

5. Compute the pressure field and map it to detected data at ultrasound detectors:

We use G and M for denoting the discretised variants of G and M. Correspondingly, at
each iterate the pressure field is computed by

1
Pt = GOl = =75 D mOficary (54)
I,m=1

and is then interpolated to ultrasound detectors using trilinear interpolation [2, 25], i.e.

Pui1 = Mp(cti), (55)

where M € R¥*V is a map from the pressure at grid points to the pressure measured
by the detectors, and P, € R is the vector of measured pressure data at iteration
n = O,...,Nt — 1.

4.2. Analytic adjoint model

The continuous adjoint model defined by equations (18)—(20) are solved numerically as fol-
lows. For brevity, we ignore the superscript * for denoting the adjoint fields in the discretised
case. Before defining the time stepping procedure for the adjoint, we first define the additive
source. To account for splitting of Py over the first two temporal iterations in the forward
model (see equation (48)), we define the order reversed adjoint measured data in the form [2]

13
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| PN,—l, n=—1
Hadj .
P = A PN, w1+ Py w2 n=0,.,N,—2. (56)
PO’ n:Nt—l

The adjoint measured data is mapped from ultrasound detector positions to an additive source
that is defined at grid points using

adj
wScnt1/2) = GTMIPY, ) (57)
where
T 5!’1
G =-1,® —. (58)
d
Start at iterate n = —1 with initial conditions o (jj.c.n=—1) = 0 and yv(i.c n=—32) = 0, and

terminate at iterate n = N, — 2.

1. Update the particle velocity field:

Y iganst) = Am [ Am Y (iga— )
&S0 2 (o) +2- e il
0 Aio JJ C n) h(iy) Fij 9 (ij¢om)
p.s j=1 Ox J
Vo 7P 8]),3 — ps 2 8p,s — P.s
+ Yais Ti dis (%cj (X (J] ¢ n)) + W(T]U jU(zj;C;n)) . (59)
! 7

2. Add the absorption term to the particle velocity field:

VP .
(1 Cnt iy ) (i'C'"JFl)

2 : —_ P, 8175 = 5
—A —_— Yabﬁ l’;b§<a + (Xl (]]C”)) +28xh(l:])(nl]ja(plj'<’n))> (60)
J

Note that we are not using the summation convention in these formulas.
3. Update the stress tensor field:

AN . 9) s
mOGcatD) = An {A"’ mten T 3 <axj—phs<w>l ety G nt >)} (61)
4. Add source:
mO ety € mO Gty T AL mS(icnt1/2)- (62)

5. Compute the pressure field at final iterate and apply smoothing:

4
1
P(Gn=ni—1) = =S (d > magz;c;n=zv,—1)> : ©3)

Im=1

14
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5. Adjoint for discretised viscoelastic forward model

In this section, we will calculate the adjoint of the viscoelastic forward model A defined
by (9), (12) and initial conditions in (15) based on the discretise-then-adjoint method.
To do this, we consider the discretised equations (49) and (51) in a matrix form.
Accordingly, let the particle velocity vector v,_;,; € RN at each time step be made
up of the components ,V(icu—1/2) € RY (i,m € {1,...,d}). Let us also define the stress
tensor as vector 7, € R%N(d =2) or &, € R*(d = 3) composed of the components
mo(’;’.fcn) eRY (i,j,m € {1,...,d}). Note that for the latter, we used the symmetry of oy,
together with the fact that ,,o;; = 0if m ¢ {i,} [6] to reduce the number of degrees of freedom.

We also define X, € RN (3D case) as a stack of the particle velocity and stress fields at
time step n in the form X, = [ (Vo_1,2) T (5a) T]T. Let also S € R¥MXN give a map from
the discretised initial pressure Py € R" to an additive source (see (48)), which we will write as

S =8Py € RV, (64)

We will also write S, /> = S,P for the source at time step n. In particular S, = 0 except
when n = —1 or 0. The time sequence of fields at steps (n € {—1, ..., N, — 2}) is then given by

X1 = TXy + Spy1)2, (65)

where T € R3*V*3N implements (49) and (51), and X_; = O (see section 4.1). Here for brev-
ity the operators S, are given using (48) multiplied by Az, and thus multiplication by At
is neglected in the second term of (65). We will look in more detail at the matrix 7 later in
section 5.1. Finally, we introduce a measurement matrix M € RV*3 that at each time step
maps the field X, to the measured data at the sensors (i.e. implements formulas (54) and (55)).
Note that M for the discretised formulae is defined not the same as for the continuous form-
ulae. We first consider the map from the source S to the measurements.

Definition 2. The map H : R¥M — RV ig defined by
~ « N,—2
P=HS, P,=MX, (ne{0,..,.N,—1}), P= [P,m} o (66)

n=—

where X, is updated by (65) with initial condition X_; = 0, and P € RNV ig the time series
stack of measured data at iterates n € {0, ..., N, — 1}.

In the next lemma, we show how to compute the adjoint of H. Note that in fact this lemma
applies more generally for the adjoint of any discretised problem taking the form described
here.

Lemma 2. The adjoint H* of H defined in definition 2 is given by

V2 —HPeRP, X5 =0, X, =T°X'+MP, (ne{0,..N,—1}).

n=—1

(67)
Proof. Let us assume that X, satisfies (65) with initial condition X_; = 0, and X} satisfies
the last two equations in (67). Then using the conditions X_; = 0 and XX,FI = 0 we have
N,—2 N—1
Z (Xns1 — Xn) - X5 = an ) (X:—l - X;).
n=—1 n=0
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Then applying (65) on the left and (67) on the right we have

N,—2 N;—1
> (TXy = Xu+ Spripp) - Xp = > Xy (T*X; — X + M*P,).
n=—1 n=0

Rearranging this slightly gives

N—2 N—2 N—1 Ni—1 o
ST —X) X+ D Spnin X = > (T, = X,) - Xi + Y (MX,) - P,
n=—1 n=—1 n=0 n=0

Applying again the conditions X_; = 0 and X§ _; = 0 we see that
N—2 Ni—1 o
> Sprip Xy =Y (MX,)- P,
n=-—1 n=0

which is equivalent to (S, H*P)gw, = (HS, P)gww, and so completes the proof. O

The forward map actually defined in section 4.1 is
HS,
and so the adjoint is
S* H*.
If we incorporate a time reversal, which amounts to changing X;; — X3, , in lemma 2, as
well as including S*, we obtain the following corollary which gives the full method of calcu-
lating the adjoint in our case incorporating time reversal. The sum in (68) is actually just two

terms which can also be used to explain (56) if we commute the summing operation with the
computation of X*.

Corollary 1. S*H* can be computed as
Ni—2
STHP = SiXy s, (68)
n=—1

where X, is determined by

X' =0, X =TX+MPy o, (ne{-1,.,N—2}). (69)

5.1. The matrices T and T*

In this section we write the matrices 7 and T* explicitly using the forward model presented in
section 4.1 to show how multiplication by each of them may be computed. Considering corol-

lary 1, we define the adjoint measured data for the discretised adjoint as Pﬂl = Atf’ffil P
To start we can write (49) and (51) in the condensed forms

Vayt = AVAT, 1 + BT, (70)
and

C_’—rH»l = Aa [Aaﬁ—n + \deisvn+% - \Ilabsﬁ—n:l + 9Sn+l/2 (71)
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where 0 is a sparse matrix that maps S, 1, to the space of vector 7,,. Also A,, A,, P, W4, and
W s are matrices that will be described in more detail below although for now we note that A,
and A, are both diagonal. Based on this we see that 7" can be written as the following product
of matrices in block form

r_( b 0 A AQ .
~\owas a4, - wa) N0 1, 72

where [, and [, are the identity matrices. From (72) we have
T — A? 0 I, Ui As 7
T \®*A, I, 0 (A, —TXOA,) (73)

Using corollary 1, the above equation gives the updates for the adjoint problem as

Vari2 = Ay (Vae12 + ViAcTy)

” —adi 74
5'n+1 = Acz-;a'n + (I)*(Av)_]anrl/Z - \Il;kbsAU(}n + 0/ M*Padj ( )

n+1/2°
where 6’ is a sparse matrix mapping the space of vector &, to the space of vector X,,. Defining
G =A,0 and v = A !V gives

Vut12 = Ay (A1 )2 + V5ion)

Gui1 = Ag (At + O Vi1 0 — Ui6a) + 0" MP

(75)

Now let us consider the matrices A,, Ay, P, Wy, and Wy, First we note that A, and A,
can be found from (37). Though the others can be read off from (49) and (51), we will write
them down explicitly here in order to show how we can explicitly calculate multiplication by
their adjoints as required in (73).

Toward this goal, let us define the k-space discretised gradient operator

s

L ops
v(m,i) - axih(m,i) ’

(76)
which is defined by (32). Note that the superscript p, s accounts for CJ”* used in the k-space
method (see (32)). Here we are considering th,i) P’ tobe an N x N matrix, and based on (32)
and the unitarity of the discrete Fourier transform we see that

(Vi

b)) = V" )

(m.i)

Using a pseudo-spectral method without k-space correction, the gradient operator is the same
for compressional and shear parts of the fields, and thus this superscript would not be required
in that case. We will also need the symmetrisation operator S acting in the ij indices defined by

o a,-j +aji

Slaly
[aly = = (78)
We apply S to objects having more indices, but specify that it always acts on the pair ij.
In (70), the action of matrix ® € R*Y>*30V on & can be written as
=\ _ ! =\ P
n(P0); = Zm(q) o) (79)

pss

where from (49) and the second line in (53),
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d
ps _ A 5 _ps
m(@/a—)i (v(t m)p ) Z m/o—ill:'; . (80)
m'=1

Here and in what follows we do not include the spatial index ¢ explicitly, but understand that
for every value of the other indices (i and m here) we have a vector of dimension N, and that
the discretised gradient and multiplication by 1/p; are implemented as operators acting on this
spatial index. Thus, from (75) and using (77),

. ps Mo o\ 1
w(®0);" = —ArS {(vw)” )ﬁijv,»]. (81)

The symmetrisation S must be added since this should map into the space of symmetric
tensors.

Next, from (51), together with the second line in (49), the operator W, € R3VXN acts
on v by

m'=1

n(Ua?)2 = At [5 [ (V(m m) ”) +x (V(mm) ”) %g,gisl?dis} ors i ' m

+28

o (V™) + 10 (™) 2 Ta] 02 3 } ] &

m'=1

From this we can find the formula for the action of the adjoint in (75) as

(W), — A Y grs [(vg, PN 3 Yl (V") X};;v

ps j=1

Additionally, from (51), (52) and (80), in (71) the operator W, € R3V*30N a¢ts on & by

DS
(W) = < s Z Ap (G ) , (84)
ii

m'=1

which is actually the action of ¥/, - on 0,v using (51) in the form

m(\I/;bsatv)g’s = At |:5U>_< (V@,m) p,s) mdbs absat

B ' ) (85)
+ 28 T_]U 6mj (v(_w) " ) 1ab§ absal :| .
Using (75), the action of the adjoint is then given by
( :bs~)ps - (A (I)I A \Ilabs )1] ’ (86)
where
w(Vipd);” = fA;Z Yl | (V") X +2(9,™) ﬁmg,s] , (87)
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Finally, plugging (86) into the second line in (75), together with using (79), gives
Vas12 = Ay (An_1)2 + Vii6,)

I~

~ - 1 pss
Vatr1/2 = lps @ V10 — EAV (‘I’absUn) (88)

Fnp1 = As (A,,&n + i)’*f’nﬂ/z) + 91*/\4*13;?1/2’

where, 1, ;® represents the adjoint of ) ».s included in @, and thus as opposed to v,,1.1 2 € RN,
Vagi1/2 € RV g composed of the compressional and shear components. Equation (88) gives
the same formulae as in section 4.2. This indicates that using a k-space pseudo-spectral method
the numerical computation of the continuous forward operator A and adjoint A* matches the
discretised forward operator H = HS and the corresponding algebraic adjoint H* = S*H*,

respectively.

6. First-order optimisation methods for PAT

We incorporate the forward and adjoint pair in an inverse solver based on the iterative shrink-
age thresholding algorithm (ISTA), which is popular in PAT, e.g. [2, 17]. A fast variant of this
algorithm has also been used in PAT [1, 16, 17]. Let the discretised variant of the sought after
initial pressure (Py) be denoted by P € RY. The inverse problem of inferring Py from P canbe
fit into a general class of non-smooth constrained convex minimisation problems of the form

arg;nin {F(P):=f(P)+g(P)}, (89)

where f(P) = }|HP — P||? is a continuously differentiable function with Lipschitz continu-
ous gradient having smallest Lipschitz constant Ly = S;ya (H*H) with Sipay(-) the largest
singular value. The gradient of fis computed by

Vf(P) = H* (]HIP — i’) ) (90)

Using a total variation (TV) regularised variant of ISTA, we take g(P) = A\.J (P) + dc (P),
where J (P) represents a TV penalty functional, ), denotes the regularisation parameter, and
d¢ is an indicator function for the set of constraints C = {P > 0} [3, 7].

Applying the so-called forward-backward splitting method to a fixed point iterative scheme
arising from the optimality conditions of problem (89) gives two steps at each iteration k of
the optimisation algorithm. The first step uses a steepest descent search direction —Vf(P¥~1)
and step size I'¥ in the form

vk = pt=t Tk wp(pih, (91)

and is called the forward gradient descent step [3, 7]. Applying ISTA, the iterates P* converge
to a minimiser P* of problem (89) if I'* € (0,2/Ls) [3]. Here, Ly, the largest singular value of
H*H, is computed iteratively by the power method following [1, 2, 17]. Since Ly is indepen-
dent of the unknown P, it can be stored and used for all experiments done in a fixed setting
[1].

The second step is a proximal map in the form

proxy (1) i= aremin { o(P) + 51 1P~ V' }. ©2)
P
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and is called backward gradient step [7]. Following [2, 16], here the proximal map is com-
puted based on Chambolle’s dual approach (See [3]). In our study, we will terminate ISTA if
the following criterion is satisfied:

k

F

Here, € is a stopping tolerance, and is chosen close to zero.

7. Numerical results

The numerical implementation of a system of coupled first-order equations that describe the
propagation of PA waves in linear isotropic elastic and lossy media based on an absorption fol-
lowing the classical Kelvin—Voigt model (4) is available on the k-Wave website [35, 38]. This
code is based on a pseudo-spectral time-domain method [6]. For a numerical implementation
of the forward problem, we modified this code so that it includes the absorption and physical
dispersion following the frequency power law, using the splitting technique, as discussed in
section 4.1 [37]. We also developed a code for implementation of our continuous adjoint, as
discussed in section 4.2. We then showed that this adjoint matches the algebraic adjoint of
the associated discretised forward operator. To validate the adjoint model, (21) was first used
to check if the inner-product test is satisfied for any initial pressure P, and data P. We then
performed reconstructions from simulated data in both 2D and 3D settings as described below.

71. 2D phantom

71.1. Computational grid. We used a computational grid with a size of 14 x 14 cm? to simu-
late the size of the superior surface of the skull.

Data generation. To simulate the propagation of wavefields, the computational grid
was made up of 472 x 472 grid points equidistantly spaced with a separation distance of
2.9661 x 1072 cm along both Cartesian coordinates. This computational grid was enclosed
by a PML having a thickness of 20 grid points and a maximum attenuation coefficient of 2
nepers per grid point so that a good trade-off between mitigating spurious wave wrapping at
the boundaries and reflection of waves at the edge of the PML was made [34]. The propagated
pressure field was measured in time by 200 detectors that were evenly placed aligned by the
top half of periphery of a circle having a radius of » = 6.8 cm so that 7 radians were covered
by the detectors. The skull was simulated with semi-circular interfaces with distances of 0.85r
and 0.95r to the center of the semi-circle so that it has an even thickness of 6.8 mm. This
has provided an even radial distance of 3.4 mm between the outer edge of the skull and the
detectors.

Image reconstruction. To avoid an inverse crime for discretisation [18], the image recon-
struction was done on a grid made up of 328 x 328 grid points which are placed evenly with a
separation distance of 4.2683 x 1072 cm along both Cartesian coordinates. The thickness of
the PML was reduced to 16 grid points.

712. Physical parameters. The maps corresponding to the medium’s mass density p,

compressional wave propagation speed c, and shear wave propagation speed ¢, were shown in
figures 1(a)—(c), respectively. The colour scales are shown to the right of each map, where the
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blue colour represents the physical parameters of soft tissue with ¢, = 1500 ms™ Leg=0ms™!

and p = 1000 kgm >, and the red colour represents the skull with ¢, = 3000 ms~ !,
¢s = 1500 ms~' and p = 1850 kgm>. These parameters were chosen following [25]. The
absorption coefficients weresetto ey, = 10 dB MHz™ cm~'and o, = 20 dB MHz ™ cm™!
in the skull, and ag, = 0.75 dB MHz™ em~! and ap, = 0.5 dB MHz ™ cm™! in the soft
tissue. Note that we assumed absorption coefficients associated with the skull greater than the
experimental values obtained in [41] (see table 1 in [37]). Following [37], the exponent factor
was assumed constant across the entire medium, and was settoy = 1.4.

71.3. Validation of adjoint. The inner-product test is a useful checking method, which esti-
mates the accuracy of implementation of the adjoint operator. Using the setting described
above, we numerically measured the accuracy of the computed adjoint model using the inner-
product formula in (21). To do this, we used a randomly selected vector for 13, together with
an initial pressure distribution Py in the form of a circular disk with a radius of 0.8r, where
the values at each point of the disk are chosen randomly. The relative difference between the
left-hand and right-hand sides of (21) was averaged between 10 attempts. This gives values
7.43 x 10~% and 8.71 x 10~° for the grids used for image reconstruction and data generation,
respectively. Our observations showed us that with an increase in density of the grid, the inner-
product test is satisfied with a higher order of accuracy.

714. Simulation setting. To evaluate the performance of the forward and adjoint pair for
image reconstruction, we considered two scenarios as follows.

Scenario 1. In general, the inverse problem in PAT is based on the assumption that the
physical parameters of the medium are known. In our first experiment, we used the maps in
figures 1(a)—(c) as physical parameters for both data generation and image reconstruction.
This implies that we have an exact knowledge of the physical parameters. Since this assump-
tion does not hold in practical cases, this is considered as an inverse crime [18]. Using these
maps, the grid used for data generation supports a maximal frequency up to 2.5286 MHz for
propagation of compressional waves through the entire medium and shear waves within the
skull.

Scenario 2. In the second experiment, we avoided an inverse crime in estimating
medium’s parameters by using different maps for data generation and image reconstruc-
tion. Correspondingly, for generating data we contaminated the maps in figures 1(a)—(c) with
a 30dB additive white Gaussian noise (AWGN). The contaminated maps are displayed in
figures 1(d)—(f). For image reconstruction, we assumed the contaminated maps are not read-
ily available, and thus we used the clean maps. Using the noise contaminated maps for data
generation, the associated grid supports maximal frequency up to 2.2047 MHz for propaga-
tion of shear waves within the skull and 2.1889 MHz for compressional waves through the
entire medium. In these figures, the location of ultrasound detectors has been shown by the
green semi-circle.

The grid used for image reconstruction supports a maximal frequency of 1.7571 MHz for
compressional waves through the entire medium and shear waves within the skull. We cre-
ated the initial pressure map with a maximal amplitude of 2, as shown in figure 2(a). For both
scenarios, a CFL of 0.3 was sufficient to guarantee the stability of the forward and adjoint
models. Accordingly, the computed pressure wavefield was recorded in 4451 time steps, and
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Figure 1. 2D phantom. Exact physical maps: (a) p (b) ¢, (b) ¢,, and noise-contaminated
physical maps: (d) p (e) ¢, (f) c,.

3000

2500

2000

3200
3000
2800
2600
2400
2200
2000
1800
1600
1400

interpolated to the detectors using linear interpolation [35]. The generated data (for both sce-
narios) were then contaminated with a 30 dB AWGN.

71.5. Image reconstruction. We first reconstructed an image corresponding to each scenario
using the time reversal method. This was performed using k- Wave toolbox [35, 38]. According
to [39], a filtering of the absorption and dispersion terms in the spatial frequency domain may
be required to ensure the stability of TR. Here, to make a fair comparison between TR and
ISTA, we applied TR optimistically on a non-absorbing medium with «, s = 0. The images
reconstructed by TR for scenarios 1 and 2 are displayed in figures 2(b) and (d), respectively.
The computed forward and adjoint operators were then incorporated into the inverse solver
discussed in section 6. The regularisation parameter was empirically set to A, = 1 x 1072,
A step size of I'y = 1.8/L; was chosen and used for all iterations k. Here, Ly was computed
by the power iteration method [1, 2, 17]. The iterates of power iteration algorithm converged
to Ly after around 15 iterations. Using ISTA, the iterates are initialised by zero, and the algo-
rithm was terminated using the stopping tolerance e = 1 x 10~ Figures 2(c) and (e) show an
image of the final iterate computed by ISTA for scenarios 1 and 2, respectively.
The computed sequence of iterates was measured by two parameters:

(1) Relative error (RE):

_ IP* — Ppramon 2

RE(P) = x 100, (94)

||Pphamom ||2
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Figure 2. 2D phantom. (a) initial pressure map, and reconstructed images using exact
physical parameters (inverse crime): (b) TR (apps = 0) (c) ISTA, and erroneous
physical parameters: (d) TR (ayp,,s = 0) (e) ISTA.

where P¥ denotes the update at iteration k, and Pphamom denotes the initial pressure distri-
bution in the phantom interpolated to the grid used for image reconstruction.
(2) Objective function (F(P)): (see section 6, (89)).

71.6. Observations. Figures 3(a) and (b) show RE and objective function values of iterates
computed by ISTA versus the iteration number k, respectively. Figure 3(c) shows F from a
large view around the stopping point. In these figures, the blue and red plots, respectively
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Figure 3. 2D phantom. (a) Relative error (RE) (b) objective function (F) (c) F around
the stopping point.

correspond to scenarios 1 and 2. Our numerical observations for the two mentioned scenarios
are as follows.

Scenario 1. Both RE and F monotonically decreased, and the stopping criterion was satis-
fied at iteration 55. The RE and F reached values of 42.19% and 87.24 at the final iteration,
respectively. The final iteration pertains to the image shown in figure 2(c). From figures 3(b)
and (c), ISTA has reduced F almost 95%.

Scenario 2. In scenario 2 when we avoided the inverse crime in estimating physical param-
eters, a monotonic reduction in both RE and F was observed, and the stopping criterion was
satisfied at iteration 51. As shown in figures 3(a) and (b), RE and F reached values of 44.29%
and 93.52 at the final iteration, which corresponds to the image shown in figure 2(e).

These figures indicate that in presence of an error in estimating physical parameters, the
inverse solver was sufficiently tolerant to reconstruct almost the same image as using the exact
physical maps.

72. 3D phantom

72.1. Computational grid. This grid was created as a rectangular cuboid with a size of
14 x 14 x 3.5 cm? so that it simulates the size of a superior volume of the skull.

Data generation. The grid was made up of 160 x 160 x 40 grid points with a spatial sep-
aration of 8.75 x 1072 cm along all Cartesian coordinates. Each surface of this grid was
enclosed by a PML with 20 grid points, and an attenuation coefficient with a maximum value
of 2 nepers per grid point was tapered within the PML [34]. The pressure field was measured
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Figure 4. 3D phantom. Exact physical maps: (a) p (b) ¢, (b) ¢,

by 62 x 62 point-wise detectors, which were placed equidistantly on the top surface of the
grid. The skull was simulated so that its top and bottom surfaces are aligned by the third and
tenth horizontal planes of the grid points from the top surface of the cube. This has provided a
thickness of 6.1 mm for the skull, as well as a distance of 1.75 mm between the top surface of
the skull and the detection plane.

Image reconstruction. Here, an inverse crime for discretisation was avoided by using a grid
with different size, made up of 128 x 128 x 32 grid points which are positioned with a spatial
separation of 1.1 mm along all Cartesian coordinates. Proportional to a reduction in size of the
computational grid, we reduced the thickness of the PML to 16 grid points. Because of using
a coarser computational grid, the thickness of the skull had to be reduced to 5.5 mm with the
top and bottom edges aligning the third and eighth horizontal planes of the grid points, respec-
tively from the top surface of the grid.

72.2. Physical parameters. Figures 4(a)—(c), respectively show the maps associated with the
mass density, and the propagation speed of compressional and shear waves. As shown in these
figures, the physical parameters of the medium are simulated the same as the 2D phantom.

72.3. Validation of adjoint. We used an inner-product test based on (21) in order to numer-
ically evaluate the accuracy of the computed adjoint model. To do this, we used a randomly
selected vector for P, together with a randomly chosen initial pressure distribution Py sup-
ported in a cuboid region below the skull. This is the region below the 10th (resp. 12th) hori-
zontal plane from the top surface of the grid for image reconstruction (resp. data generation).
The mean relative difference between the left-hand and right-hand sides of (21) among 10
attempts was 2.21 x 10~* and 3.47 x 10~ for the grids used for image reconstruction and
data generation, respectively.

72.4. Simulation setting. For image reconstruction, two scenarios were considered:

Scenario 1. The maps that are displayed in figures 4(a)—(c) were used for both data gen-
eration and image reconstruction. As discussed above, this is an inverse crime in estimating
physical parameters, although because of the shift of soft tissue-skull interfaces between the
fine and coarse grids, the inverse crime has been avoided to some degree. Using these maps,
the grid used for data generation supports a maximal frequency of 8.7514 x 10° Hz for com-
pressional waves across the entire medium and for shear waves propagated through the skull.
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(d) ()

Figure 5. 3D phantom. (a) initial pressure map, and reconstructed images using exact
physical parameters (inverse crime): (b) TR (o, = 0) (c) ISTA, and erroneous
physical parameters: (d) TR (aqp,s = 0) (e) ISTA.

Scenario 2. In addition to the shifting error in physical parameters because of the discreti-
sation, these maps have been contaminated with a 30dB AWGN noise for data generation,
whereas the reconstruction is done using the clean maps. This induces an error in estimating
physical parameters, as they are not available exactly for image reconstruction. Using the
noise contaminated maps, the grid used for data generation supports maximal frequencies up
to 7.2018 x 10° Hz and 7.4143 x 10° Hz for compressional waves across the entire grid and
shear waves within the skull, respectively.
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Figure 6. 3D phantom. (a) Relative error (RE) (b) a large view of objective function F
around the stopping point.

The grid used for image reconstruction supports a maximal frequency of 6.8571 x 10° Hz
for compressional waves through the entire medium and shear waves propagated through the
skull. For simulating the initial pressure map, the phantom used for the 2D scenario was placed
obliquely inside the grid in a way in which the initial pressure distribution associated with the
phantom is compactly supported in the soft tissue. Figure 5(a) shows the simulated phantom
from a top view. Here, all 3D images including phantom are displayed from a top view using
maximum intensity projection technique. Using a CFL of 0.3, the simulated pressure wavefield
was recorded in 1532 time steps, and interpolated to the detectors using trilinear interpola-
tion [25]. Similar to the 2D phantom, the vector of generated data P was contaminated with a
30dB AWGN for both scenarios.

72.5. Image reconstruction. We first reconstructed an image for each scenario using TR,
which is available on the k-Wave website [35, 38]. The images reconstructed by TR for sce-
narios 1 and 2 are shown in figures 5(b) and (d), respectively. Using ISTA, the reconstruction
parameters were chosen the same as for the 2D case. We used the power iteration method for
computing Ly. Figures 5(c) and (e) show an image of the final iterate computed by ISTA for
scenarios 1 and 2, respectively. A comparison between these two images indicates that using
erroneous physical maps has led to a slight blurriness in the reconstructed image. Note that
here the inverse crime has been avoided by exaggeration compared to real cases.

72.6. Observations. Figure 6(a) shows the RE of the computed iterates versus iteration num-
ber. Additionally, figure 6(b) shows the objective function values versus the iteration number
around the terminating point. These plots have been displayed using the same colours as for
the 2D phantom. From these, our observations for the two discussed scenarios are as follows.

Scenario 1. Both RE and F monotonically decreased until the iteration 54 at which the stop-
ping criterion was satisfied. The final iterate, which is shown in figure 5(c), has an RE of
41.13% and an F of 1.19 x 10°.

Scenario 2. Using the noise contaminated physical maps for data generation, a monotonic
reduction for RE and F is observed again, and the terminating criterion was satisfied at itera-
tion 56. The final reconstructed image, which is shown in figure 5(e), has an RE of 48.44%
and an F of 1.20 x 103,
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8. Discussion and conclusion

In this work, we derived the adjoint of the continuous map defined in (14) and (15), which
describes the propagation of PA waves in linear isotropic viscoelastic media with the absorp-
tion and physical dispersion following a frequency power law. Our derived continuous adjoint
is a generalised version of the discretised adjoint in [25] in the sense that it can be adapted to
any discretisation scheme, and has been extended to include an attenuation evident in tissue
media [37]. We analytically showed that a numerical computation of our continuous adjoint
using a k-space pseudo-spectral method matches the algebraic adjoint of an associated discre-
tised map defined by (64) and (66).

From a numerical point of view, it was shown that this forward and adjoint pair satisfies
the inner-product formula in (21). This pair was then incorporated in a positivity constrained
optimisation algorithm based on ISTA that is regularised by the TV denoising approach of
Chambolle [3]. We preferred to test the derived forward and adjoint operators on a classical
inverse solver (see [2, 17] for the application of ISTA in PAT), although this poses some limi-
tations such as a low speed of convergence. The convergence can be improved by using a fast
version of ISTA (FISTA) [1, 16, 17]. In addition, an iterative enhancement of solutions based
on a Bregman iteration [26] may be useful when the collected data is compressively sampled.
A Bregman iteration algorithm using FISTA has been successfully applied for this case [1].

In both 2D and 3D cases, the iterates monotonically converged to a minimiser of an objec-
tive function, and the final reconstructed image was close to the ground truth image. In the
presence of an error in estimating physical parameters, the iterates monotonically converge
again, but the iterate at the stopping point was slightly less accurate than using the exact
physical parameters. This loss of accuracy cannot be detected by eye in the 2D scenario, as
shown in figure 2(e). However, for the 3D scenario, figure 5(e) shows that an error in estimat-
ing physical parameters has led to a slight blurriness in the reconstructed image, compared to
using exact physical maps. Note that in the 3D scenario for the grid used for data generation,
in addition to a 30 dB noise added to the physical maps, the skull’s thickness is 0.6 mm larger
than the grid for image reconstruction.

In addition, for the 2D scenario, as shown in figures 2(c) and (e), the reconstructed images
have some blurriness in regions close to the skull. We believe that this can be attributed to the
full internal reflection of wavefronts nearly tangent to the skull, and agrees with theoretical
predictions of stability for inversion found in [31] using methods of microlocal analysis. In
essence, the blurred region close to the skull is not fully resolved because the wavefronts ema-
nating from that region do not reach the detectors (Note that the geometry of skull in our study
is not realistic). To fully understand this a more delicate study on the relation between the
theoretical analysis of [31] and PAT of the brain using optimisation algorithms may be needed.

The simplified geometries of the skull we used in our simulations look sufficient to pro-
vide an insight on the performance of the derived adjoint, but the geometry and composition
of the skull in real cases are much more complicated than our simulations [15]. In addition,
in practical cases, to extract all information available from the measured data, the maximal
frequency supported by the computational grid must match the maximal frequency that is
detectable by detectors [39]. This dramatically increases the computational demands regard-
ing storage space and speed, but it can be handled using GPU accelerated computing [19], or
Field-programmable gate array (FPGA) [40]. The 3D detection setting in our study simulated
a planar Fabry-Pérot (FP) photoacoustic scanner, which requires several minutes to collect
time series of data from PA wavefields [1]. Further studies can be done to apply our adjoint
assisted optimisation algorithm on ultra-fast PAT acquisition systems that utilise spatio-tem-
poral sub-sampled data [1].
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Using our derived adjoint, an extension of the PAT problem of brain to direct quantitative
PAT (QPAT), a direct estimation of the optical parameters inside the skull from the acoustic
data collected outside the skull, would be a very interesting topic. The arising opto-elastic
inverse problem is more challenging than the opto-acoustic problem [9] because of the high
optical absorption and scattering of the skull and low degrees of freedom for optical illumina-
tion. This limits the applicability of multi-source QPAT, which is necessary for uniqueness of
the problem when we use a single-frequency optical excitation .
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Appendix

In this appendix, we will show that the adjoint operator can be put into the form of a system of
coupled partial differential equations, in the same way as the forward operator, and the update
of particle velocity field is actually a sum of the adjoint of absorption and dispersion terms
enforced to the stress tensor field.

A.1. Continuous adjoint

This is derived by plugging the first formula in (19) into (18)

D20 =S (2 () 2 o) )

(St -t 2) () 2.2 o))

DS

A.2. Discretised adjoint

In (88), plugging the second line into the first line yields

~ ~ 1 * S * S
Vor1 = Ay (Avvn_l/z + o — % (( L) = (W 5 1) )) . (A.2)

The numerical computation of (A.1) is the same as (A.2), except how the PML acts on the
temporal gradient of the stress tensor field. These formulae require an explicit computation
of the temporal gradient of the stress tensor using finite difference schemes. To avoid this,
we used the formulae (18) and (19) (resp. (88)) for the continuous (resp. discretised) adjoint,
which are computed the same, as discussed in sections 4 and 5, respectively.
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