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Abstract—Accurately representing the behaviour of acoustic
sources is an important part of ultrasound simulation. This
is particularly challenging in ultrasound therapy where multi-
element arrays are often used. Typically, sources are defined as
a boundary condition over a 2D plane within the computational
model. However, this approach is difficult to apply to arrays
with multiple elements distributed over a non-planar surface.
In this work, a grid-based discrete source model for single and
multi-element bowl-shaped transducers is developed. The source
model is defined as a symmetric, simply-connected surface with
a single grid point thickness. Simulations using the source model
with the open-source k-Wave toolbox are validated using the
Rayleigh model and experimental measurements of a focused
bowl transducer. The results show good agreement, even at very
low grid resolutions. As the model only requires the geometry
and drive signal, it allows modelling of multi-element transducers
where measuring an input plane is not possible. This may be
particularly useful for modelling hemispherical ultrasound arrays
often used in transcranial applications.

I. INTRODUCTION

Accurately representing source conditions is an important
part of numerical simulation in ultrasound, particularly in
high-intensity focused ultrasound (HIFU) and other ultrasound
therapies where multi-element arrays are used [1, 2]. Typically,
ultrasound sources are defined within computational models as
boundary conditions defined over a 2D input plane [3]. These
input planes are either measured experimentally [2, 4], or
projected using analytical expressions [5]. However, for arrays
with multiple elements distributed over a non-planar surface,
there are two limitations with this approach. First, if the focal
region is close to or within the bounding surface of the array
(as is the case for hemispherical arrays used in transcranial
applications [6]), it is difficult to define a single 2D plane over
which the source can be measured and applied. Second, the
input plane must be defined (i.e., measured or projected) for
each set of drive conditions. This is a significant limitation
when investigating the response of clinical HIFU systems,
which may have hundreds or thousands of individual elements
that are phased differently for each sonication [2]. One way in
which these limitations can be overcome is to use an explicit
source model. In this case, the response of the source is
included within the model as the injection of mass or force
at particular grid points with the computational mesh, rather
than the imposition of a planar boundary condition. For finite
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Fig. 1. Geometry of the discrete source model. Each bowl transducer is
defined by the position of the rear surface b, the radius of curvature, the
diameter, and a point on the beam axis f .

difference and pseudospectral models, which are arguably
the most commonly used numerical methods in ultrasound
simulation [7], a regular Cartesian grid is generally used, and
thus the source geometry must also conform to this mesh.
In this work, a grid-based discrete source model for single
and multi-element bowl-shaped transducers is developed, and
validated against analytical models and experimental data.

II. DISCRETE SOURCE MODEL

A. Requirements

There are several requirements for the grid-based bowl-
shaped source model. First, sources of the same radius of
curvature and diameter facing the positive/negative x-direction,
y-direction, or z-direction should be represented by the same
shape and the same number of grid points. This means the
sphere on which the bowl lies should have three axes of order-
two rotational symmetry. Second, the source model should be
singly connected (i.e., have only a single grid point thickness).
This is to ensure that the acoustic field generated by the source
is neither magnified or smoothed due to overlapping source
points nor reduced due to discontinuities. The model is singly
connected if for each grid point marked as part of the source,
exactly 8 out of the 26 neighbouring points are also marked
(with the exception of grid points along the outer rim of the
source).
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(b) Circle/Sphere (c) Arc/Bowl(a) Distance Matrix

Fig. 2. Two-dimensional illustration of the steps used to create the discrete
source model. First, a distance matrix is calculated containing the Euclidean
distance from each point to the centre of the sphere on which the bowl lies
(darker indicates larger distance). Next, the grid points where the distance is
within 0.5 grid points of the radius of curvature are labelled. Finally, points
that lie outside the arc angle of the bowl are removed.

B. Formulation
The geometry of the bowl-shaped source model is defined

as shown in Fig. 1. Each transducer is defined by the position
of the centre of the rear surface of the bowl b (analogous to the
midpoint of an arc in 2D), the radius of curvature of the bowl,
the diameter, any point on the beam axis f where f 6= b (this
defines the orientation of the source), and the overall size of
the Cartesian grid in which the source is defined. Using these
parameters, the position c of the centre of the sphere on which
the bowl lies is calculated using

c =

radius
kf � bk (f � b) + b . (1)

A distance matrix is then created which contains the Euclidean
distance from each point in the Cartesian grid to c. An example
in 2D is given in Fig. 2(a). A series of bi-directional line
searches along each dimension of the distance matrix are
then conducted (i.e., first along all the rows in each direction,
then along the columns, etc). The grid points with Euclidean
distance to the sphere centre within 0.5 grid points of the
radius of curvature are then labelled. This results in a singly
connected sphere (or circle in 2D) with the correct radius
centred at c. An example is shown in Fig. 2(b).

Next, the grid points within the sphere that do not form part
of the bowl are removed. This is performed by calculating the
angle ✓p between the vector from each grid point p on the
sphere surface to the sphere centre c, and the vector from
the rear surface of the bowl b to the sphere centre using the
geometric definition of the dot product

✓p = cos

�1

✓
(p� c) • (b� c)

kp� ck kb� ck

◆
. (2)

The grid points for which ✓p is greater than the half arc angle
✓a, where

✓a = sin

�1
(diameter/ (2⇥ radius)) , (3)

are then removed. This leaves a symmetric and simply-
connected bowl-shaped surface with a single grid point thick-
ness. Functions to generate single and multiple bowls (in 3D)
and single and multiple arcs (in 2D) using this approach were
written in MATLAB. An example of a low resolution bowl and
a multi-element hemispherical array containing 64 individual
bowls (based on [6]) are shown in Fig. 3.

Fig. 3. (Top) Three views of a low resolution grid-based bowl transducer
generated as described in Sec. II.B. The radius of curvature of the bowl is
100 grid points, and the diameter is 45 grid points. (Bottom) Example of a
multi-element hemispherical transducer array containing 64 individual bowls.

III. VALIDATION

A. Numerical Testing
To test the grid-based discrete bowl model, a series of

simulations were performed using the open source k-Wave
MATLAB toolbox [8]. This solves the acoustic equations
on a regular Cartesian grid using a k-space pseudospectral
scheme. The source geometry was based on the H-101 sin-
gle element HIFU transducer (Sonic Concepts, WA, USA).
This has a diameter of 64 mm, and a radius of curvature
of 63.2 mm. The discrete bowl surface was calculated as
described in Sec. II.B, and used to define the pressure source
mask (source.p_mask) within k-Wave. The beam axis was
aligned with the Cartesian grid, and the source was driven
by a continuous wave sinusoid at 1.1 MHz assuming linear
and lossless propagation. Simulations were repeated using grid
discretisations from 2.2 points per wavelength (PPW) up to
10.8 PPW. This corresponds to grid sizes of 256 ⇥ 128 ⇥ 128
up to 1280 ⇥ 640 ⇥ 640 grid points. (While the numerical
model can theoretically propagate waves up to the Nyquist
limit of 2 PPW, in practice, a slightly higher PPW is needed
for the perfectly matched layer to work correctly [9].)

The numerical model used in k-Wave is exact in the limit of
wave propagation in a homogeneous and lossless medium [8].
This means changing the number of PPW only changes the
discretisation of the source geometry, and not the accuracy of
the numerical model. The representation of the bowl surface
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Fig. 4. (a) Axial pressure from a focused bowl transducer calculated using the
discrete source model (dotted lines) and the Rayleigh model for two different
points per wavelength (PPW). Even at very coarse grid resolutions close to
the Nyquist limit, the main features of the pressure field are captured. (b)
Convergence of the l2 and l1 relative error norms with PPW.

as a series of discrete grid points on the Cartesian grid gives
rise to staircasing errors [10, 11]. In particular, for low grid
resolutions, the discrete source points are further away from
the ideal bowl, which can affect the structure of the generated
acoustic waves, particularly in the near-field.

The simulations were run using the parallelised C++ version
of k-Wave [12]. For each simulation, the steady state pressure
amplitude was recorded and compared with the pressure
predicted by the Rayleigh model [13]. Results for the on-axis
pressure for 2.2 and 8.6 PPW are shown in Fig. 4(a). The
convergence of the relative l2 and l1 error norms with the
number of PPW is shown in Fig. 4(b). The errors converge
very rapidly, and by 5 PPW, both error norms are below 10%
(this level of uncertainty is typical of hydrophone calibrations).
Even at very low PPW close to the Nyquist limit, the main
features of the beam are still captured by the model. As
expected, the biggest discrepancies are in the near-field region
close to the source.

B. Experimental Testing
In addition to numerical testing, simulations using the

source model were compared with experimental measurements
made using a bowl-shaped HIFU transducer. The acoustic
pressure field generated by a H-101 transducer was measured
in a tank of deionized water (at 23.8 ± 0.1 �C) with a 0.2
mm needle hydrophone (Precision Acoustics, Dorchester, UK)
as shown in Fig. 5. The transducer was driven by a signal
generator (33522A, Agilent Technologies, Santa Clara, CA,
USA) connected via a 75 W power amplifier (A075, E&I,

Fig. 5. Photograph of the experimental setup showing the bowl-shaped H-101
transducer and the 0.2 mm needle hydrophone within the scanning tank.

Rochester, NY, USA) and impedance matching network. The
drive signal was a 1.1 MHz sinusoidal burst containing 35-
cycles at a pulse repetition frequency of 100 Hz, and an RMS
voltage of 8.25 V. The hydrophone was positioned using a
scanning tank (Precision Acoustics, Dorchester, UK) with two
computer controlled translation stages [14]. This was used
to acquire a 36 ⇥ 36 mm planar field scan perpendicular
to the beam axis at a distance of 42.5 mm from the rear
surface of the transducer bowl. Signals were digitised with
a spatial step size of 300 µm via an oscilloscope (DSO-X
3024A, Agilent Technologies, Santa Clara, CA, USA) using a
sampling frequency of 800 MHz and 32 averages.

The experimental data was projected to other positions in
the field via linear acoustic holography. Simulations based
on the discrete bowl model were also performed with the
nominal bowl dimensions and drive conditions matching the
experimental setup. Axial and lateral beam plots centred on the
transducer focus are shown in Fig. 6(a). Corresponding axial
and lateral profiles are shown in Fig. 6(b). There is generally
good agreement between the experimental and simulation
results, particularly in the lateral profile, and the shape and po-
sition of the main beam. There are some discrepancies between
the two fields in the pre and post focal regions of the axial
profile. Given the excellent agreement shown in Fig. 4, this is
most likely due to the diameter and curvature of the physical
transducer not matching the values used in the simulation, or
a slight misalignment in the experimental measurement.

C. Source Scaling
In both the numerical and experimental comparisons, the

axial pressures are normalised to the peak values. This avoids
any issues with scaling the numerical drive signal to achieve
the correct surface and focal pressures. However, the staircased
representation of the source geometry also introduces a scaling
issue due to the different density of grid points in grid and
diagonal directions. For example, a horizontal line tilted at 45�

to the grid axis will contain a factor of
p
2 fewer grid points

per unit length than a horizontal line aligned with grid axis.
This disparity results in the generated acoustic pressure being
a factor of

p
2 smaller. This can be approximately corrected
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Fig. 6. Comparison between experimental measurements and simulations
of a H-101 focused bowl transducer in water. (a) Axial and lateral beam
patterns centred on the transducer focus, and (b) corresponding axial and
lateral profiles.

for by scaling the individual drive signals for each grid point
by the average distance to the neighbouring grid points that
also form part of the transducer surface.

IV. SUMMARY

A method for generating a discrete bowl shape on a regular
Cartesian grid is presented. This can be used to directly model

bowl shaped transducers in ultrasound simulations based on
a Cartesian grid in place of planar boundary conditions.
The acoustic fields generated using these geometries agree
well with the fields predicted by the Rayleigh model and
experimentally measured from bowl-shaped transducers. The
functions (called makeBowl, makeMultiBowl, makeArc
and makeMultiArc) will be made available with the next
release of the k-Wave toolbox [8].
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